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When a charged heterotic string is placed in a constant magnetic field B, we show that this system 
can be solved exactly by using the cyclotron frequency. We then calculate anomalies of the super 
Virasoro algebra, and give the corresponding spectrum-generating algebra for this system. They 
differ from the free case by the cyclotron frequency. It is remarkable that our system is equivalent 
to the completely free system when B takes integral values. 

PACS numbers: 



I. INTRODUCTION 

The heterotic string [l| is regarded as one of the most promising model for realistic particles. It 
is a closed string, which is composed of right-moving fermionic and bosonic strings with ten dimen- 
sions and left-moving bosonic string with 26 dimensions. As a result of the compactification of the 
26-10=16-dimensional internal space, the heterotic string is associated with the phenomenologically 
promising gauge group 50(32) oyEs X £;8@,i. 

The electromagnetic interaction of the heterotic string has been also considered. The electromag- 
netic field has so far been introduced as a vector field of the Kaluza-Klein type, where g^i is a 
space-time metric with external components = 0, • • • ,9 and internal components / — 10, • • • , 25(3. 
However, this type of electromagnetic interaction cannot be solved exactly, but we can treat it only 
by a perturbative method. 

In this paper we propose an exactly solvable model of the heterotic string placed in a constant 
magnetic field. The electric charge was assumed to distribute uniformly along the closed string. The 
electromagnetic field is introduced in such a way that the interaction is invariant under the supercon- 
formal transformation and also under the gauge transformation of the electromagnetic field. When 
the charged heterotic string is placed in the constant magnetic field _B, we show that the Lagrangian 
of the interacting heterotic string can be translated into the free type of Lagrangian. However, 
this free type of closed string is not periodic at the boundary a = 27r, but yields the phase factors 
exp(±27riu;), where uj is the cyclotron frequency. This causes the fact that the cyclotron frequency 
uj is included in all orders in mode expansions of the string and also in quantization conditions for 
mode operators. This differs from the completely free case. Therefore, our next task is to calcu- 
late the superconformal algebra together with anomalies, and also to give the spectrum-generating 
algcbraQ, which is necessary to construct physical states satisfying the Virasoro conditions. Finally 
we point out that our system is equivalent to the completely free system when B takes integral 
values. 

In Secin] we propose a new type of interaction of the electromagnetic field with the heterotic 
string. In Sec lIIII and Sec lIVI we calculate anomalies associated with the super Virasoro algebra. In 
Sec|V]the spectrum-generating algebra is constructed. In Sec lVII we consider the algebra isomorphic 
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to the spectrum-generating algebra. From the equation of isomorphisms we derive the number of 
space-time dimensions together with constraint constants of the 0-mode Virasoro operators. Finally, 
Sec lVIIl is devoted to concluding remarks. 



II. A HETEROTIC STRING IN THE EXTERNAL FIELD 

The free Lagrangian is given by 

Lo = 2d+XaDx'' . (II. 1) 

The notation is summarized as follows: 

(T,cr) = (s",si), s± = s"±s\ d±^d/ds^ ^{l/2){d/dT±d/da), {11.2) 

and 

x^is+.s-.e) = .t"(s+, S-) + ix^is^. s-)9 , 

a={fi,I), M = 0, l,---,9 7=10, •••,25 (II.3) 

The free action is 

5*0 - 2 y" d^sde d+XaDx"" = 2 j d^s {d+xad-x" + ixad+x") ■ (11.4) 

Under the superconformal transformation (SCT) 

5s+ = /+(,s+) , (II.5) 
Ss' = .ris-) +iri{s-)e , 

the action is invariant, if is a superconformal scalar. The conserved superconformal charge is 
given by 

Q = j d<j{f+L+ + f-L^ + ^77G_) , (II.6) 

where 

L+ = JaJ" , J" = d+x" , (II.7) 

i_ = /^/^ + *9.x^x^ , = d-xf^ , (II.8) 

G_ = 2xp/^ . (II.9) 

Now, the electromagnetic field Aa{x) is introduced in such a way as 

L = 2[d+Xa + 2Aa{x)]Dx'' . (11.10) 
If the action for the interaction term is integrated over 9, we have 

S^nt=4. J d^sde Aa{x)Dx'' 

= Ajd^s [Aa{x)d-x'' - tdaAb{x)x''x''] ■ (11.11) 
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The interaction is clear to be invariant under the gauge transformation, SAa{x) ~ 5aA(a;), or equiv- 
alently, 

S Aa{x) = daAix) (11.12) 

We then choose the symmetric gauge 

= - ^Ffj^^x" , Ffj,i, ^ constant , (11.13) 

to obtain 

L = 2{dx-F -x^ -Dx . (11.14) 

If we use a new variable 

X = exp(-F.s+)i , (11.15) 

we find that the Lagrangian pi.l4|) reduces to 

L = 2d+X ■ DX . (11.16) 

This is the free type of Lagrangian with respect to X. The action for Ea. pi.l6p is invariant under 
SCT, if is a supcrconformal scalar. In this case the original variable x behaves as 

5scTX = 5s+F ■ X (11.17) 

under SCT. 

We concentrate on one 2x2 block of with B real 

F^,= (^^^ , ^l,v^l,2. (11.18) 

Introducing 

= (X^ ±ii:2)/\/2 . (11.19) 

Eqs. (|II.15[) turns out to be 

^ exp {±iBs+)x^^'^ . (11.20) 
Corresponding to Eq. pi.3p . we expand X'^^\t, a, 9) in 9 

(r, cr, 9) = X^^^ (r, a) + i^jj^^^ (r, (j)9 . (11.21) 

From Ea. (|lL20)) we find 

(r, a) = exp [ ± iB{T + a)] x'^^ (r, a) , (11.22) 

^(±) (t, cr) = exp [ ± iB(r + a)] (r, a) . (11.23) 

Considering the periodicity of a;'^-'(T, ct) and x^^H'''^ S^^d the quasi-periodicity for X(^-'(t, cr) 

and ?/'^^-' (r, cr) as 

X(=^)(t, cr + 27r) = exp ( ± 2TTiB)x'-^\T, a) = exp ( ± 27ricj)x(±)(r, ct) , (11.24) 
V'^^^Ht, CT + 27r) = - exp ( ± 2TTiuj) V^^^^r, cr) , for NS sector (11.25) 
V'^^-' (t, ct + 27r) = exp ( ± 27ria;)?/;'^-' (r, ct) , for Ramond sector (11.26) 
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where B = q + LL!,qCzZ,0<LL!<l. In the following we call uj simply the cyclotron frequency, and 
consider only the range < w < 1, since our system is equivalent to the free system when 0^ = 0. 
However, it is remarkable that when B takes integral values, B = q € Z , our system is equivalent 
to the completely free system. 

The relevant parts in Lagarangian pi.l6p can be written as 

L ^ 2[d+X'^+^DX^-^ + d+X^-^DX^+^ . (11.27) 

Integrating over 9, the Lagrangian reduces to 

L = 2[d+X^+^d-X^-'> +d+x'^-^d-X^+'> +ii'^+^d+ilA-^ +i4''^~^d+i}^+'>] . (11.28) 

In spite of the quasi-periodicity of X and tp, the periodic boundary condition, which is necessary in 
the variational principle, is guaranteed, because the aperiodic phase factors exp (±27riw) are always 
cancelled out between the (+) and (— ) components in the Lagrangian. 
Equations of motion are all of free type: 

d+d-X^^^ = , (11.29) 
c^+V'^"^^ = . (11.30) 
Their solutions with boundary conditions (jll.24p . (|II.25[) and (jll.26[) are given by 

X(±)(T,a) =X+(±)(s+) + X_(±)(s-) , (11.31) 
X+(±)(s+) = I y ^— exp i-iin T uj)s+]aj^^ , 

n HZ I,) 



(s+) - z V ^— exp [-i{n ± c.)s+]/3j±) , 



and 



V'^=^'(s") = ^ br^'^'> cxp[-i{r±Lu)s-] , for NS sector (11.32) 

ip^^^s') = - dn'^-* exp [— i(n ± w)s~] , for Ramond sector . 



2 

The conjugate momenta to X^^^t, a) are 

The quantization is accomplished by setting the commutation rules 

[xW(r,a), p(T'(r,a')] = ^ 7r<5±^(cT - a') , (11.34) 

and other combinations are zero. Here S±uj{(7 — cr') is the delta function with the same quasi- 
periodicity as X^^\t, a) with respect to its argument. From these we have commutation relations: 

[ai+^ , ] = (m - co)(5,„+„,o , < < 1 (11.35) 

[/?^+) , ] = (m + u;)6„,+n,o , (11.36) 
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and other combinations are zero. Since < ui < 1, am , Pm are annihilation operators for to > 0, 
and creation operators for to < 0, while ain ^ , /Sm"^ are creation operators for to < 0, and annihilation 
operators for to > 0. As for the fermionic parts, we get. after the Dirac quantization, 

{ , } = 5r+s,o , others = , (11.37) 
{ dl^^ , } = d,n+nfi , others = . (11.38) 

are annihilation operators for r > 0, and creation operators for r < 0. 
For the Ramond sector, we need a special care on the O-modes, so the detail will be discussed in 
Sec.4. 



III. CALCULATION OF ANOMALY 

The Lagrangian (jll.27p happens to appear as if it is a free Lagrangian. However, the dynamical 
variables X^^)(t, a) and (r, a) are subject to the quasi-periodicity (|II.24|) - pi.26p . and this causes 
the inclusion of the cyclotron frequency w in the commutators pi.35p and (|II.36p for mode operators, 
different from the completely free case. Considering this fact, we should examine the validity of the 
super Virasoro algebra together with calculation of anomaly. 

Let us define the current operators by 

J(±) (z) = idxf^ = z^^ z-'^-^a';^^ = z^^ j'^^^ (z) , z = exp (^s+) , (III.l) 

n 

I^^\z) = idx':^^ = z=F'^^z-"-i/3(±) = z=F'^/(±)(z) , z = exp (is-) . (III.2) 

n 

Here, the exponent -1 on z is only for convenience. The operator product expansions for them are 
given by 

j(+)(z)j(-)(z') = ^ - , (ni.3) 

(z — z'y z[z — z') 

j'^-Hz)J^'-Hz') = ^^-^ + „ , (III.4) 

(z — z')^ z'(z — z') 

/(+)(z)/(-)(z') = ^^—^ + ^ , (ni.5) 

(z — z')^ z'(z — z') 

/(-) (z)/(+) (z') = ^^-^ - , , (ni.6) 

(z — z'Y z(z — z') 

Here, we have used the following contractions: 

(ni.7) 

/ (±)fl (T) \ _ / (™±'^)Wn,o, {rn±uj>Q) . 
\ '^'^ '^'^ / " \ 0, (to ± w < 0) ^ 

For the fermionic fields we confine ourselves to the NS sector, 

^^^\z) = izT"^z-'-i/25^(±) ^^T-^(±)(2) ^ (111.9) 

r 

i^(±)(z)i^(T)(z') = , (HI.IO) 



^ (±)^ (T) \ _ / (to T ^^)'5m+n,0, (toT^^ > 0) 

^ ^ ^ 0, (to T < 0) 
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The exponent -1/2 on z in Eq. pil.9p is only for convenience. 
Define the super current operator for the relevant part by 

2 

= 2[Vi+(z)/(-)(z) + V>(^)/<+^(^)] . (III.ll) 
Then we calculate the operator product G(z)G{z') to yield the conformal operator T^{z), i.e., 

where 

T-{z) = i : /^/'^ : +2 : T^(z) + (z) . (III.13) 

In the same way, for the bosonic part =: /(+'/(") we get 

, „ 1 uj-uj^ 2T^(z') a'r^(z') 

T^iz)T^{z') = - ^ + ^7 , -\' + -\\ (111.14) 

(z — z zz [z — z )'^ [z — z y z — z 

and, for the fcrmionic part = 2 : S?/; • ^ : with 

=: + di}^+^'^'^ + 0^^-^^+'^ : , (III.15) 

z 



we have 

T^iz)T^{z') = j-J— + —r^—-, + + . (III.16) 



i a;2 2T^(z') a'T^(z') 
\ — - H — 

(z — z')^ zz'(z — z')^ (z — z')^ z — z' 



Totally, it follows that 



{z-z')^^ zz'iz^z'r^ (z-z')^^ ■ ^ ^ 



The algebra is closed by 



T^{z)G{z') = ^I^G{z') + -±^d'G{z') . (III.18) 

[z — z'y z — z' 



Finally, the algebra is supplemented by the + mode operator T+(z) =: j'+'(z)j'^ \z) :, 

, , , 1 u-u^ 2r+(z') d'T+(z') 

(z — z')^ zz'(z — z')^ (z — z')^ z — z' 



We have so far considered only the (1,2) plane, where the constant magnetic field is placed. The 
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other {d — 2)-coniponents of space-time are free, and well known. Collecting all components of 
space-time, we get 



T+(z)r+(z') = 
r_(z)r_(z') = 



d+/2 



(z-z')* zz'(z-z')^ (z-z')^ 
3d+/4 Lu 2T_(z') 



2T+(z') , d'T+jz') 

z ~ z' 
d'T^iz') 



(z-z')4 zz'{z-z'y {z-z'Y 
T-{z)G{z') ^ (j^G(z') + ^a'G(z') . 

G'(^)G(z') = (^^^ + ^^7(737) + ■ 
These are equivalent to the super Virasoro algebra 

[ -^m 7 G'r ] 

{ Gt , Gs 

where the anomaly terms are given by 



-r)G 



{ Gr , Gs} — 2L^j^g + 6r+sfiB^ , 



= ^rn{Tn^ - 1) + m(tJ - cj^) 
B = q + uj, qeZ, 0<U}<1. 



III.20) 
III.21) 
III.22) 
III.23) 

III. 24) 
III.25) 
III.26) 
III.27) 

III.28) 

III.29) 

III.30) 
III.31) 



IV. ANOMALY IN THE RAMOND SECTOR 



As for the Ramond sector, we should be careful for the 0-mode. The mode expansions of fermionic 
fields are given by 



f(±)(z) = iz--^z-"4±) = z-V;(±)(z) 



(IV.l) 



where n runs over the integral- numbers. The mode operators obey the commutation relation, after 
the Dirac quantization. 



\ "m ' "ti / ~ "m+n.O 



(IV.2) 



Usually the 0-mode dg is regarded as the Dirac 7-matrix. However, in the presence of the magnetic 
field, it is not the case. The reason is as follows: Note that the super Virasoro operator Fq contains 
factors, pQ'^^d.Q ^ + /3q ^dl^\ Since /3q is the creation operator, the second term contradicts with 
the Virasoro condition Fq \ ground state ) = 0, if d^"^ is regarded as the Dirac 7 matrix. In the 
sector of the presence of magnetic fields, therefore, dg^'' should be regarded as the annihilation 
operator, whereas other components d^ without magnetic fields behave as 7 matrices. 
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In this reason we consider that dm"^ is annihilation operator for to > 0, and creation operator 
for TO < 0, while dm ^ is annihilation operator for to > 0, and creation operator for to < 0. The 
contractions are, therefore, defined as 



Sm+n.O, [m > 0) 

0, (to < 0) 

Sm+n.O, {ni > 0) 

0, (m < 0) 



The operator product expansions for fermionic fields are, then, given by 



4(z-z') ' 



4(2 - z') 



For the super operator, F{z) = 2[ijj^j^\z)i^ ^{z) + ip'^j^ ■'(2;)/'^+)(z)], we have 

anomaly terms of F{z)F{z') 



From the formula 



it follows that 



(z-z')3 



{Fm, Fn]^ j dzdz' z"'z''^F(z)F{z') , 



{ Fm. , Fn] — 2L„^„ + 5m+nflB^ 

i3,^(Ramond) = ■ 



For the fermionic part = 2 : dijjR ■ ipu : with 



2 " 



2uj ~ 
z 



we have 



Anomaly parts of T^{z)T^{z') = 



1 



z2 + z'2 



(IV.3) 
(IV.4) 

(IV.5) 
(IV.6) 



(IV.7) 

(IV.8) 
(IV.9) 



(IV.IO) 



{z~z'Y 4 {z-z'Y ■ 

For the bosonic part =: 7'^+^/'^^ :, we already had the product {z)T^ {z') before as 



(IV. 11) 



Anomaly parts of T"{z)T"{z') 



[z-z'Y {z-z'f 



(IV. 12) 



Here the equation has been multiplied by the factor zz' , in order to make it the same power as the 
fermionic one. Then the total sum of the anomaly is given by 



Anomaly of [T^{z) + T^{z)\ [T^{z') + T^{z')\ 
1 



(IV.13) 



(Z - Z') 



M4 
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where uj terms are cancelled out from Eas. (|IV.12p and pV.12[) . This gives the anomaly term without 
the cyclotron frequency 

A:;^{R&Tnond) = — , (IV. 14) 

8 

together with 

B-(Ramond) = . (IV. 15) 

V. SPECTRUM-GENERATING ALGEBRA 

Our SGA is characterized by the cyclotron frequency oj. We summarize it for the right-moving 
NS sector: 

[ AM , ^(^-) ] = (m + U)5,n+nfi , { B[+^ , } = 5r+sfl , [A^^, Ai]=0, 

[Ait\ 41] =(m±^)4tj„ , [SW, At]={^+r±u;)Bl%l, (V.l) 



[ 7 ^rt ] ^{m- n) + m^5r,i+n,0 , 

[Ai, B+]^{'^-r)B^^,, (V.2) 

{ B+ , B+}= 2At+, + 4r2,5™+„,o ■ 

Any operator in Eqs. ljV.ip and (|V.2[) is commutable with the super Virasoro operator G^. Each 
definition of the operators in Eq. (jV.l[) is as follows: 

Alt^ ^ ^ <f dzAltH^) . (V.3) 

A(^)(z) = [/(±) - {m±uj)iP^^'>^P-]V"'^'^ , 
V =: exp[iX_(z)] : , 

(z) = x_ - In z + z ^ — , p_ = 1 ., 



n=0 



Bi^^ ^ ^ I dzBi^\z) , (V.4) 

B(±)(z) = [^(±)(i + iv^_av-Jr')jl/'-^_/(±)j:'^']i^'^±" . 

In Eqs. (jV.3P - (jV.4p and Eqs. (|V.5P - (jV.6p below, for brevity, fcrmionic fields are normalized in such a 
way that the contraction is given by ( il)^{z)il}^ {z') ) — {z — z')"^?]^''. Here tp^, arc light-cone 
variables defined by X± = k^^{X^ ± X'^~^)/y/2, with a real parameter k. The superscripts (±) of 
X'-'^^ = {X^ ± iX^)/^/2 should be distinguished from the light-cone subscripts ±. Note that the 
vertex operator V"^^'^ =: exp[i(m ± uj)X^{z)] : behaves like ^ 2;™^" at z = 0. The new definition 

for aI^"^ and B^^^ reduce to the original ones proposed by Brower and Friedmann[5], if the cyclotron 
frequency uj is set to be zero. 
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The sub-algebra (jV.4p is the same as that m Ref. It is composed only of the hght-cone variables. 
They are free operators and this algebra is well-known. The light-cone operators are defined by 

A+,^^^j>dzAl{z) , (V.5) 

A+{z) = [(J_ - n^A+V-) - \n{dJ-JZ' - titA-^V- J"'] 1^" , 

B+ = ^^(j^dzB+{z) , (V.6) 
B+{z) = + Jr^) - tp-J+JZ^^^]V'' + (irrelevant term) . 

The proof of our SGA (jV.ip is given by the same method as in Ref. Q . 



VI. ISOMORPHISMS 

The algebra (|V.2p is similar to the super Virasoro algebra for transverse operators 

[^m > ] = (to - n)Ll^^^ + A^{m)5m+nfi , 

[-^m' = ("^ ^)G^n+r ' (VI. 1) 

where 

A^{'m) = — ?m(m^ - 1) -I- 2ma_ + mw , (VI.2) 

8 

S^W = ^(r^-^)+2a_+c., (VI.3) 

B = q + uj, qe Z, < < 1 . (VIA) 

Here the superscript T means that the operators are constructed from L^^GZ, leaving oscillators 
with spacial components /.i = 1, 2, • • • , d — 2. The constant a_ is included in as — a_(5„i,o- 
The isomorphisms 

A+^Ll, B+^Gj (VI.5) 

are completed, if there hold equations 

A^{m) = — -m{m^ - 1) + 2ma_ -|- mu) = , (VI. 6) 

8 

B^{r) ~^ (r^- ^) +2Q-+cj^4r^ , (VI.7) 

These two equations are consistent to give the solution, 

d_ = 10 , (VI.8) 
a_ = i(l-^). (VI.9) 
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As for the Ramond sector, we have = 10 and = 0. 

The isomorphisms (jVI.5[) are also extended to other components interacting with the magnetic 
field. The algebra (|VI.5p is similar to 

[ /3i+) (m + uj)S„,+,,^o , { bi+^ , 6i-) } = Sr+sfi , [Pl,, , K] = , 

, Ll] = (m±c.)/3i^^„ , [feW , Ll] = {^+r±co)bi%i , (VI.IO) 

The isomorphisms arc now completed by 

Ait'-At\ Bi^^^bi^^ (VI.ll) 

As for the + (left-moving) mode, it contains only the bosonic string. The algebra is obtained from 
the superstring by neglecting all fermionic parts. SGA is given by 

A^-^ - (m ^ Lu)Srn+n,0 , 

[ ,A+]^{m± ^)4^j„ , (VI.12) 
[ > ^rt ] = {m- n) A+ + 2m^S,n+n,0 ■ 

The isomorphisms, A^n'^ ^ a^n'^ and ~ L^^, are completed if there holds the equation 

^+mode^™) " "~^12~~'''"^ - m) + 2ma+ + m(w - w^) = 2m^ . (VI.13) 
From this we have 

d+ = 26 , (VI. 14) 

a+ = 1 . 



Any physical state should be satisfied by the BRST charge condition Qgj^ST I P^^^^- ) = 0, or 
equivalently by the super Virasoro conditions, Gr>o I phys. ) = 0, (i~>o — Sn,oa-) \ phys. ) = 0, 
i^n>o ~ '^",00+) I phys. ) = 0, for the NS sector, and F„>o | phys. ) = 0, L~>o | phys. ) = 0, (-L+>o - 
(5„.oa+) I phys. ) = for the Ramond sector. It is well known that such physical states can be 
constructed from the SGA operators^. 



VII. CONCLUDING REMARKS 



We have proposed a new type of interaction of the electromagnetic field with the heterotic string. 
When the charged heterotic string is placed in the constant magnetic field B, we have shown that 
the system can be solved exactly, so as to be translated into the free type of heterotic string. 
However, this free type of closed string is not periodic at the boundary cr = 2tt, but yields the phase 
factors exp (±2TriLu) , where lo is the cyclotron frequency. This causes the fact that the cyclotron 
frequency lo is included in all orders in mode expansions of the string and also in quantization 
conditions for mode operators. This differs from the completely free case. Therefore, our next 
task has been to calculate the superconformal algebra together with anomalies, and also to give the 
spectrum-generating algebra, which is necessary to construct physical states satisfying the Virasoro 
conditions. Finally, we point out that our system is equivalent to the completely free system when 
B takes integral values. 
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Any gauge symmetry derived from the internal space / = 10, • • • , 25 is broken by the cyclotron 
frequency lu. This comes from the constraint condition for the internal momentum 

= l+t^2^2(i?- , (VII.l) 

/ 

where are number operators. The internal momentum is expressed as 

PI = niRi , im e Z) (VII.2) 

where Rj is the /th-radius of the torus. Since 2(R^ — takes integral values plus integral times 
of 2uj, we have 

= Y1 = N + 2N'lu + . {N, N' e Z) (VII.3) 

This can be regarded as the constraint for Rj. However, the Kac- Moody algebra is related only with 
^jp'j = integral value, so that any internal gauge symmetry is violated by uj. 

When = 0, the external magnetic field B takes an integral value. In this case, as already noted 
before, our system is equivalent to completely free system, and we have the well-known internal 
gauge symmetries. 
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